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Abstract. We consider the dynamical correlation functions of the quantum nonlinear
Schibdinger equation. In a previous paper we found that the dynamical correlation functions
can be described by the vacuum expectation value of an operator-valued Fredholm determinant.
In this paper we show that a Riemann—Hilbert problem can be associated with this Fredholm
determinant. This Riemann—Hilbert problem formulation permits us to write down completely
integrable equations for the Fredholm determinant and to perform an asymptotic analysis for the
correlation function.

1. Introduction

We consider exactly solvable models of statistical mechanics in one space and one time
dimension. The quantum inverse scattering method and the algebraic Bethe ansatz are
effective methods for a description of the spectrum of these models. Our aim is the
evaluation of correlation functions of exactly solvable models. Our approach is based on
the determinant representation for correlation functions. It consists of a few steps: (i) the
correlation function is represented as a vacuum expectation value of an operator-valued
Fredholm determinant, (ii) the Fredholm determinant is described by a classical completely
integrable equation, (iii) the classical completely integrable equation is solved by means
of the Riemann—Hilbert problem and (iv) the vacuum expectation value of the asymptotics
for the operator-valued Fredholm determinant is calculated. This permits us to evaluate
the long-distance and large-time asymptotics of the correlation function. Our method is
described in [5].

The quantum nonlinear Sdhdinger equation can be described in terms of the canonical
Bose fieldsy (x, 1), ¥ (x,1), (x,t e R) with the standard commutation relations

[Wx, 0, ¥ (3. 0] =8(x —y) [, 0, v 0] =[x 0, v’ (.0l=0  (1.1)
The Hamiltonian of the model is

H= f dx (3,9 ()3, ¥ (x) + ¥ T )Y ()Y ()Y (x) — hyrT ()P (x)). 1.2)
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Here 0 < ¢ < oo is the coupling constant antl > 0 is the chemical potential. The
Hamiltonian H acts in the Fock space with the vacuum ved¢@®r The vacuum vectoj0)
is characterized by the relation

¥ (x,1)[0) = 0. 1.3)
The vacuum vectot0| is characterized by the relations
Olyfx,n=0 (0]0) = 1. (1.4)

The spectrum of the model was first described by Lieb and Liniger [6,7]. The Lax
representation for the corresponding classical equation of motion

9 92 .
i _ —_ i _
latw =[y,H] = 8x2¢ +2cy'" Yy — hy (1.5)

was found by Zakharov and Shabat [9, 10]. The quantum inverse scattering method for the
model was formulated by Faddeev and Sklyanin [1].

In this paper we shall consider the thermodynamics of the model. The partition function
Z and free energy are defined by

Z=tre Ty =¢e /T, (1.6)
The free energy can be expressed in terms of the Yang—Yang equation [8]
T (% 2c
MN=r2—h—_— —— _In(l4+e*W/T)d 1.7
e() et Iy n(l+e ) dut (1.7)

T o0
F=—_ / N1+ e /Ty du. (1.8)
27 J_o

The correlation function, which we shall study in this paper, is defined by

_ (@ Ty 0,09 (x, 1)
- tre-H/T '

(W (0,091 (x, )7 (1.9)

In a previous paper [3] we obtained the determinant representation for this correlation
function. It was shown in [4] that the Fredholm determinant thus obtained can be expressed
in terms of solutions of a non-Abelian nonlinear Sidinger equation. More precisely, the
second logarithmic derivatives of the Fredholm determinant with respect to distance and
time are densities of the conservation laws of this equation. However, such a description
of the determinant is not complete, since the non-Abelian nonlinea®8iclyer equation

has an infinite set of solutions, and it is not cleapriori which of them describes the
correlation function.

In contrast, the Riemann—Hilbert problem associated with the Fredholm determinant is
uniquely solvable. This is the main advantage of the approach based on the application of
the Riemann—Hilbert problem.

The plan of this paper is as follows. In section 2 we review the determinant
representation and recall definitions and notation used in [3, 4]. In section 3 we formulate the
Riemann—Hilbert problem. We prove the equivalence of the integral equations considered in
[4] and the Riemann—Hilbert problem. The Lax representation of the non-Abelian nonlinear
Schibdinger equation is considered in section 4. Section 5 is devoted to the modified
formulation of the Riemann—Hilbert problem, which is especially useful for asymptotic
analysis.
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2. Determinant representation for the correlation function

In this section we summarize the formulations and results obtained in the previous papers
[3, 4] for the reader’s convenience. Our starting point is the determinant representation for
the dynamical correlation function of the local fields obtained in [3]:

g i det(/ + V) /00 .
- 0 = - b ,v) du dv|0). 2.1
- ( |det(1—(1/2n)KT) ) 12(u, v) du dv|0) (2.1)

In order to describe explicitly the right-hand side of (2.1) we present here the system of
definitions and notation, used in [4].

(W ©O,0y (x,))r =

2.1. Vectors and operators of the Hilbert space
Consider the ket-vectdiER (1))

Ef(MLi))

ER Gy (2.2)

|EX(V) = (

belonging to a Hilbert spacH. HereEf(Mu) are two-variable functions. It is convenient

to present the spadé as the tensor product of two spadés= H®H. Each of the discrete
componentsEjR(Mu), being a function of the variablg, belongs to the spack. In turn,

the spacé:{ consists of two-component functions of the variable
In order to define scalar products in the spataeve introduce the bra-vectqiz’ (1)

(E"(W)| = (Ef (\u), E5 (Alu)) (2.3)

which can also be treated as vector7éf Then the scalar product i is given by the
standard formula

(EL )| ER () = / (X ER(ulu) + EX G EF (uu)) du. (2.4)

We shall consider two types of operators actingHin The first type of operator of
which I + V in (2.1) is an example, acts in the spadeonly. By definition
Ef<x|u>+/ VG, 1) ER ulu)
> (2.5)

oo

EfGI+ [ V0w ES ) d

—0Q

(T + 7)o |ER(w) =

Ef(u|u)+f EfMu)V (., 1) da
o . (2.6)

Eé*(u|u>+/ EF (\u)V (1, ) da

—0Q

IERM)Y o T+ V) =

Here! is the identity operator ifi{. The action on the bra-vectot&£* (1)| is quite similar.
We shall mark the operators of this type by a ‘tilde’ and denote their action by thesign *

The second type of operator acts in the spcdt is convenient to treat these operators
as 2x 2 matrices with operator-valued entries:

i (%11(% v) A:lZ(Ms U)) . @.7)
Ax(u,v)  Aza(u,v)
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The action of the operators (2.7) is given by

2 %)
Z/ Ay (u, v)ER (Av) dv
A ERQ) = | T . (2.8)

2 %)
Z/ Ay (u, v) ER (\v) dv
k=1Y —X®

2 o0 2 o0
(EX())- A = (Z/ EF(Mu)Ajy(u, v) du; Z/ EF () Aj(u, v)du). (2.9)
j=1v7%> j=1Y—00

This type of operator will be marked by ‘hat’.

We would like to draw to the attention of the reader that we use a ‘hat’ not only for
the operator-valued matrices of type (2.7), but for their matrix elements also. We hope that
this system of notation will not cause misunderstanding.

Finally, we define the trace of ‘hat’-operators as

o0
TrA =trAn+trA22=/ (Av1(u, u) + Apo(u, u)) du (2.10)
—00
where
~ o0 ~
tr Ajk = / A_,-k(u, u) du. (211)
—0o0
2.2. Dual fields

The important objects, on which the right-hand side of (2.1) depends, are auxiliary quantum
operators—dual fields, acting in an auxiliary Fock space. They are introduced in order to
remove two-body scattering and to reduce the model to free fermionic. One can find the
detailed definition and properties of dual fields in section 5 and appendix C of [3]. Here
we repeat them in brief.

Consider an auxiliary Fock space having vacuum vefprand dual vector0|. The
three dual fieldsy (1), ¢p,(A) ande4, () acting in this space are defined as

DA, (A) = qa,(X) + pp,(A)

&, (M) =gp, (M) + pa, (V) (2.12)

V() =qy(A) + py(A).
Here p(1) are annihilation parts of dual fieldg(1)|0) = 0; g(A) are creation parts of
dual fields,(0]¢g(») = 0. Thus, any dual field is the sum of annihilation and creation parts
(the dual fieldyr (1) should not be confused with the fieltd(x, r), which appears in the
expression for the Hamiltonian of the model).

The only non-zero commutation relations are
[P, Q), gy (W] = [py (M), qa, (W] = INh(w, 1)
[PD,(A), gy (W)] = [Py (M), gp, (W] = INh(, w)
A —u+ic

[Py (3. qu (0] = INhG. k(e 2] where Rk p) = = (2.13)

Recall thatc is the coupling constant in (1.2). It follows immediately from (2.13) that the
dual fields belong to an Abelian sub-algebra

[V ), y(w] = [y ), pa(W)] = [ (A), pa()] =0 (2.14)
wherea, b = A,, D;. The properties (2.13) and (2.14), in fact, permit us to treat the dual
fields as complex functions, which are holomorphic in some neighbourhood of the real axis.
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2.3. Fredholm determinant

Now we are ready to describe the determinant representation (2.1).
The important factor entering the right-hand side of (2.1) is the Fredholm determinant
of the integral operatof + V, acting on the real axis as

oo

T+ V)of(w=fR)+ / VO, w f () du (2.15)

o0

where f (1) is some trial function. Recall that is the identity operator in the spade.
The kernelV (1, u) can be presented in the form

(EFW)IER (W)

Vi, p) = — = T (2.16)
A=
where the components of vectofB~(1)| and |EX¥(w)) are equal to
ER\u) = EZ(Mu) = E4 (AMu) (2.17)
EX(Au) = —EL(Mu) = E_(A|u). (2.18)

Due to this specification we have
(EEO)IERO))s =0 (2.19)

hence the kerneV (1, ) possesses no singularity at= . Later, the orthogonality
property (2.19) will play an important role.
The functionsE.. introduced in [4] are equal to

—Pa, (1) —@p, (1)
E+(x|u>=1z(”’“< e ;- © )\/w)

2n Z(w,u) \u—Xx+i0  u—Xx—i0
Xel//(tt)+r(u)+%(¢Dl(?»)+¢A2(>»)—¢(?»)—f()\)) (2'20)
1
E_(Mu) = gz(u7 A) e%(¢n1(k)+¢A2(K)—W(k)—f(?»)) DX (2_21)

where the functiorZ (A, w) is defined by
e 90 gba,®
Z(A, u) = + .
w0 T GG

Herey (1), ¢p, (1) and¢4,(A) are just the dual fields (2.12).
Recall also that the functiott(1) is the Fermi weight

-1
() = <1+ exp[‘e(TMD . (2.23)

This function defines the dependence of the correlation function on temperature and chemical
potential. The functiort (1) is the only function depending on time and distance:

() = itA? —ixa. (2.24)

(2.22)

Thus, functionsE L (A|lu) depend on time, distancex, temperaturd” and chemical potential
h, but this dependence, as a rule, is suppressed in our notation.

In order to define the functiohi>(u, v), we introduce vector$FE(x)| and |[FR(w)),
belonging to the spack

FlR(MIu)) (2.25)

L _ L L R _
(F*)| = (Fy (Mu), Fy' (AMu)) [F™ () = (FZR(MIM)
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as solutions of the integral equations (see [4])

(I +V)o (Fr(wl+ = (F*()| + /Z VO, ) (FE () die = (ER (V)| (2.26)
|FRO)) o (I 4 V) = |F*(w) + f_: |FRONV (O, ) di = |ER (). (2.27)

Let us define the operatdt as
B= f: |FROIE )| dh = /Z |ER () (F* ()| dye. (2.28)

The components of this operator are
[o¢]
BMOLU)::/. FRu) Ef () dA k=12 (2.29)
—00

The functionby,(x, v) is the matrix element of the operatbrdefined by

~

b=B+3. (2.30)
Hereg is

; 0 -1). .

§= (0 0 )glz(u, V) f1a(u,v) =8 —v) €V, (2.31)
Due to the above definition we have

bap(u, v) = Bap(u, v) for all a, b excepta =1,b =2 (2.32)

bia(u, v) = Bia(u, v) — §12(u, v). (2.33)

The importance of operatobsandg will be clear later, after the formulation of the Riemann—
Hilbert problem.

The last factor in the representation of the correlation function, which is not explained
yet, is the determinant of the operatbr- (1/27)K 7. This operator also acts on the whole
real axis. Its kernel is given by

Rrlu0 = (o ) VIGO0, (2.34)
e+ —p

This determinant does not depend on time and distance, therefore it can be considered as a

constant factor.

Thus, we have described the right-hand side of (2.1). The temperature correlation
function of local fields is proportional to the vacuum expectation value in the auxiliary
Fock space of the Fredholm determinant of the integral operator. The auxiliary quantum
operators—dual fields—enter the kernéisand b1,(x, v). However, due to the property
the Fredholm determinant is well defined.

3. Riemann—Hilbert problem

Consider the Riemann—Hilbert problem for the operatok) acting in the spacé{ and
depending on the complex parameter

KA lu, v)  X12(A|u, U))

) ; 3.1)
R21(hu, v)  Ra2(hlu, v)

X Au, v) = (
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The matrixx (A|u, v) is holomorphic for. € C\R, and satisfies the normalization condition
atA = oo

X _i= (L0 8 (3.2)

x(olu,v) =1= 0 1 (u—v). .
The boundary values on the real axis are related by

-0 =3:MG0)  reR (3.3)
where we seff. (1) = lim._, .0 £ (A £ i€). The jump matrixG (1) here is given by

N 10 A

G(\lu,v) = (O 1)8(u—v)+2ﬂiH(k|u,v) (3.4)
where
. ERWEE(|v) ERMu)EL(A|v)
H(ru, v) = [ERO)NE )| = ( 7 : A 2 ) : (3.5)

E2 (Mu)El (Alv) E2 (MM)EZ (Alv)

Recall that due to (2.17) and (2.18)

Ef (Mu) = E1(Mu) EF(Mu) = E_(Au)

Ef(Mv) = —E_(A|v) EF(Mv) = E4(A|v) (36)

where the function€& . (A|u) are defined in (2.20) and (2.21). However, we do not use the
explicit expressions foE . in this section.

One should understand the right-hand side of the equation (3.3) as an operator product
in the spacég. In other words, in more detail the equality (3.3) means

2 00
(ROl v))je =) f (R (e, w)))j1(G Oufw, )i . (3.7)
=19V~

Thus, we are dealing with an infinite-dimensional Riemann-Hilbert problem.
The orthogonality property (2.19)

(EF()IE® (M) =0 (3.8)
implies TrA" (1) = 0 forn > 1 . Hence,
detG(r) = 1. (3.9)

We assume that the Riemann—Hilbert problem is solvable. We note also that in the class
of integral operators which we are dealing with, the analyticity of the operator with respect
to the parametex implies the analyticity of its determinant. Therefore, due to the Liouville
theorem and equations (3.2) and (3.9), we conclude that @¢t= 1. Hence, as in the
usual matrix case the solvability of our Riemann—Helbert problem implies the uniqueness
of the solution. It means also that the inverse mafrix (1) exists and is holomorphic for
A € C\R.

The integral equations (2.26) and (2.27)

(I + V) o (FE(u)| = (EX ()| (3.10)
|FR(W) o (I + V) = |[ER(w)) (3.11)

were used in [4] for derivation of the differential equation, describing the Fredholm
determinant. Now we prove the equivalence of these integral equations and the Riemann—
Hilbert problem (3.2) and (3.3). Namely, we establish that the solution of the Riemann—
Hilbert problem can be presented in terms of the solutions of integral equationgcmnd
versa

The following integral representation is the basis of this paper.
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Theorem 3.1 A solution of the Riemann—Hilbert problem (3.3) has the following integral
representation

R o0 FR EL
g =i [N, (3.12)
NS mw—A
where|F®(u)) is the solution of the integral equation (3.11):
[FRG)) o (T + V) = |ER ().
The inverse of this solution has the following integral representation:
R o0 ER FL
2oy = i +/ LE® () (F™ () du (3.13)
PSS mw—=»x
where (FL(3)| is the solution of integral equation (3.10):
(I + V) o (FH(w)] = (E* ().

Proof. The operatory (1) defined in (3.12) is a holomorphic function everywhere except
the real axis and possesses the correct asymptotic behaviouriwhemo. On the other
hand, on the real axis we have

A : N FRWKES (W) ERM))(EE (A
2+<A>G<A>=>2++2m[|ER(A)><EL<A)|—f N M(f)k'_ig)” ()ldu}

[e¢]

=X+ + 2ni[|ER(x)> - /

_/"" |FR () (E" ()|
oo M —A—10
f_f“ |FR () (E" ()|
o M —A+I0
Thus, the operator-valued matrjx()) satisfies all the conditions of the Riemann—Hilbert

problem (3.2) and (3.3).
The same method allows one to check representation (3.13). The theorem is froved.

IFR(u)V (e, 1) du})(EL(k)l

du + 27i| FRQO))(EL ()]

Il
~o>

du = 7-(0). (3.14)

A direct corollary of representation (3.12) is the following asymptotic expansion of
F+(A) atA — oo

A

. . B ¢

Re=l4—F 5+ (3.15)
where
é:/ |FROOYEL ()| dA é:f AFROOVEL ()| dA (3.16)

We see that the operatdt introduced in the previous section (see (2.28)) appears as the
first coefficient in the asymptotic expansion (3.15).

Theorem 3.2 For arbitraryr € C

|FR(L) = RMIER M) (3.17)

(FE) = (EFW)I2 ). (3.18)
In particular, forx € R

IFR() = 2+ WIER Q) = Z-WIER ) (3.19)

(FEQ) = (EX 127100 = (EE Q)12 0). (3.20)
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Proof. Using the definition of vectorsF (1)) and (FX ()| and integral representations
for (») and 3 ~(») we have

©FR(W)(EX (W) ER (L) d
n

XIERQ)) = |ER (L)) —/

oo w—A
= |E*(3)) —/ [FR)V (o 1) die = [ FR () (3.21)
o0 EL by ER FL
= (E*()| —/ VO, ) (FE () die = (FF ()] (3.22)

Due to the propertyEL (L) ER(L)) = 0, we find forx e R
Z-IERR) = 2+ WU + 27 ER QY EEWDIER (W) = 2+ WIER (L) (3.23)
(EEGIRTA0) = (G| (= 27l ERGONEL)]) 27200 = (EE0IRT 00, (3.24)
Here we have used

Gt =1 — 27| ERQOVEL ).

The theorem is proved. |

The latest theorem allows one to consider the transformation
IER () — |FR0)) = xWIER () (3.25)

as a gauge transformation, which is analytic in the complex plageC.

Thus, we have proved the equivalence of the integral equations (3.10) and (3.11) and the
Riemann—Hilbert problem (3.2) and (3.3). It is interesting to mention that integral equations
allow us to consider the transformatiphfi® (1)) — |E® (1)) as a transformation in the space
H. At the same time, the solutiofi(1) of the Riemann—Hilbert problem defines the same
transformation in the spadé!.

4. Lax representation

In the previous paper [4] we obtained a generalization of the nonlineaddalger equation,
which describes the Fredholm determinant(flet V)

o0
—id;b12(u, v) = —8%b1o(u, v) + Zf dwy dwy bio(u, w1)bo1(wi, wo)bia(wa, v) (4.2)
)

o0
18,b21(ut, v) = —82ba1(u, v) + 2/ dwy dws bp1(u, w1)bia(w1, wa)boy(wo, v). (4.2)
-0

In this section we derive the equations (4.1) and (4.2) and their Lax representation in
terms of the Riemann—Hilbert problem (3.3). Namely, we prove that the Riemann—Hilbert
problem (3.3) implies equations (4.1) and (4.2).

In [4] we obtained the system of linear differential equations for vedtdfy)) and
(EL(0)|. Let us recall this system

9 ER (W) = La | ER () A AEL ()] = —(EL()IL () (4.3)
HIER () = M(WIE® (1)) I(E* W) = —(E*(W)IM () (4.4)
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where we have set

L) =16 +[8,6] M) = —AL(A) + 3,2. (4.5)
Here the operatof is defined in (2.31); the operatér is given by
1/1 O
o= . S(u —v). 4,
7= 2 (o —1) (w=v) 9
The proof of the system (4.3) and (4.4) is based on the obvious relations
3, e = —jire® 8 €W =in2e®, 4.7)

It is easy to check that the system (4.3) and (4.4) is compatible. Indeed, the compatibility
condition

&L —0,M~+[L,M] =0
implies

[8:8,6] — 978 +1[4,6]- .81 =0 (4.8)
which in turn is equivalent to

10, 812(u, v) — dg12(u, v) = 0.

The last equality is obviously valid due to (2.31).

Our aim now is to find the system describing the derivatives of vediBfgr)) and
(FL())| with respect tax and¢. The solution of this problem is given by the following
theorem.

Theorem 4.1 The vectors F¥ (1)) and (F%(1)| satisfy the following system of differential
equations

a1 FR()) = LO)IFRG)) A (AFEM)| = —(FEMWIL() (4.9)

HIFR()) = MO)IFR () W (FER) = —(FEMIMM) (4.10)
where we have set

L) = A6 +[b, 6] (4.11)

MO = =L + 3,b. (4.12)

Here the operators andé are defined in (2.30) and (4.6).

Proof. It follows immediately from (3.17), (3.18) and (4.3), (4.4) that the derivatives of
vector|F® (1)) with respect tax andr can be presented in the form

IFR) = LO)IFR () (4.13)

FIFR) = MG)IFR (1) (4.14)
where

L=330) 270+ 10 - Lo - 270

M=330) 2T+ Z0) - MR - 373, (4.15)

It was shown in section 3 that the gauge transformation (3.25) is continuous across the real
axis. The direct corollary of this property is that matricdsnd M possess no cuts on the
real axis. Let us prove this directly.

Let £.(1) = lim_ .0 L(A £ i€). Then we have for Im = 0

L) =072 - X220 + 22 - L) - 22100, (4.16)
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Using the jump condition (3.3) we have
Lo() =0 3-(A) - A2 + 2= - LGy - 272
= 0 X+ () AT + 2 ) 0.6 - G - 77

F24+ )-GO L) -GN - 7). (4.17)

Via (4.3), (4.4) and due to (3.4), (3.5) we find
=[L(). G

After the substitution of this expression into (4.17) we arrive at

L) =024 00 7 + 24 - LOY - 2700 = L4 (). (4.18)

Thus, £ is continuous across the real axis. One can perform just the same consideration for
matrix M also.

Due to the analyticity properties gf(x) and 3 ~*(1) and their normalization conditions,
we conclude that matriceé(k) and M(/\) are holomorphic for. € C and possess the
asymptotics

L) — A6 +0(D) M) — —2%6 + O(). (4.19)

Due to the Liouville theorem we conclude thath) is a linear function ofx, while M (%)
is a quadratic function of. Using the asymptotic expansion (3.15) we find

L) = A6 +[b, 6] (4.20)
MO) =226 —A[b, 6]+ 0,86 +[6,Cl+[b,6]-B—B-[2,6]. (4.21)

Formula (4.20) exactly reproduces the expression (4.11). In order to reduce the expression
for M(1) to the formula (4.12), one should take into account the fact that relations (4.15)
provide us with an infinite set of identities between decomposition coeffici@nts, .
and their derivatives with respect ioand:. For example, the first of the relations (4 15)
implies

XA =LAXR) — XWLQK). (4.22)

One can substitute the asymptotic expansionfor) and explicit expressions fof () and
L()) into the last formula. After this, comparing coefficients at negative powers ofe
obtain the above-mentioned set of identities. In particularAfdrwe have

WB=[6,Cl+[b6]-B—B-[2 6] (4.23)
Therefore, we arrive at
M) = =226 — A[b, 6] + a.b. (4.24)

Thus, we have proved differential equations (4.9) and (4.10) for the veEth)). The
equations for vectotF~(1)| can be found in a quite similar way.

Since a gauge transformation does not disturb the compatibility condition, we obtain
for the pair (4.9) and (4.10)

WL— o M+[L, M =0
which implies in turn

[8,b, 61 — 8% + [[b, 6] - 9.b] = 0. (4.25)
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The matrix operator-valued equation (4.25) is equivalent to the four scalar operator-valued
partial differential equations. It is easy to check that the equations for the diagonal part of
b are valid automatically due to identity (4.23):

dcb11(u, v) = i/ b12(u, w)b(w, v) dw
o (4.26)
d:boo(u, v) = —i/ ba1(u, wb1a(w, v) dw.

o0
These equations, being substituted into the antidiagonal part of (4.25), give the non-Abelian
nonlinear Schidinger equation (4.1) and (4.2). More compactly they can be written in the
following form:

—i0,b1p = —0%b10 + 2b19b21b1>
i0,b21 = —02bo1 + 2b1b12b1.
One should understand here the nonlinear terms in the sense of integral operator products.

4.27)

Remark The method of derivation of the nonlinear Satlinger equation described in this
section is closely connected with the ‘dressing procedure’ proposed in [10].

5. Moadification of the Riemann—Hilbert problem

In the previous sections we have demonstrated that the integral opératét generates

in a natural way the Riemann—Hilbert problem. The latter, in turn, defines the dressing
gauge transformation, which permits us to obtain the exactly solvable classical differential
equations. As was shown in [4], the Fredholm determinant of the opefato’ can

be described in terms of the solutions of the Riemann—Hilbert problem and differential
equations (4.27). Namely, the logarithmic derivatives of the determinant with respect to
distance and time are expressed in terms of the asymptotic expansion coeffftiamti’

of the operatory. Let us present here the list of logarithmic derivatives (see [4]):

3, logdet/ + V) = itr By,

3 logdet] + V) = itr(Cop — C11 — B2812)

3,9, logdet] + V) = —tr(b12B2)

3,9, logdets + V) = itr(d;b12 - Bo1 — 8, Boy - bro).
Thus, the solutiory of the Riemann—Hilbert problem allows us to reconstruct the Fredholm
determinant up to a constant factor, which does not dependamdlz. Hence, the calculation
of the correlation function of local fields is reduced to the solution of the operator-valued
Riemann-Hilbert problem.

In the present section we formulate a new Riemann—Hilbert problem, which appears

to be more convenient from the point of view of an asymptotic analysis. The detailed
asymptotic investigation of this problem will be given in our forthcoming publication. Here

we restrict ourselves only to basic formulations.
Consider the following substitution

X0) =" M%) (5.2)
where the triangular matrix°(A|u, v) is defined by

-0 _ (10 _ 0 —1> g12(u, v)
X(Klu,v)—(o 1 S(u—v)+ 0o 0) uci (5.3)

(5.1)
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The expansion of° at A — oo is given by

. A g 108
X°(x)=1—§— A2g+~-~. (5.4)

Due to (3.15) we find for the asymptotic expansionydf’

A

o . b
X( )(A)=I+X+ﬁ+”. (5.5)

where the operator-valued matixwas defined in (2.30% = B + g, and
é=C+ Bg+id,8. (5.6)
The new operator-valued matrig ™ (1) satisfies the modified Riemann—Hilbert
problem:

SR 67
A0 =" WE™G)  reR.
The modified jump matrixG™ is equal to
G =20MGRH T (5.8)
and possesses the following entries
G (Mu, v) = 8(u —v) — 8 — M) Z(v, M) (1) 1P (5.9)
G (hlu, v) = —27i(1 — 9 (W)S(u — 1) (v — 1) & PFT (5.10)
GO (Mu, v) = —éﬁ(x)zm, ) Z (v, L) €1 Ha )=y ()=70) (5.11)
G5 (Mu, v) = 8(u — v) — Z(u, )8 — )Y (1) &P (5.12)

To derive the above matrix elements, we have used the relation

Zu,u) = @ ¢py (W) + @ P )
Remark One should understand the equations (5.9)—(5.12) in the weak topology sense.
Namely,

Hl(ul, ug) = Hz(ul, uz) (Weak tOpO'Ogy) <
/ Sr(u)Hy(ug, uz) fo(uz) duy dup = / Sr(ua) Ho(uz, u2) fo(u2) duq dus

where f1(u1), fo(uz) are test functions.

The transformation, considered above, is the direct generalization of the approach
proposed in [2] for the free fermionic limit of the quantum nonlinear 8dirger equation.
The main advantage of the modified Riemann—Hilbert problem (5.7) is the simple explicit
dependency of the jump matrig™ (1) on the variablest and . This allows us, in
particular, to use another method for deriving the differential equations (4.27). Indeed, the
jump condition for the matrix

2O Ou, v) = 2 (i, v) exp(— 1t (Vos) (5.13)
can be written as

220N =269 0 reR (5.14)
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where the jump matrix

G = exp(—3t(1)o3)G™ () exp(T(1)as) (5.15)
does not depend on andz. Hence, the logarithmic derivatives

Fe() = @02 20NE D) (5.16)

Fi() = @R NERN)0) (5.17)

possess no cut on the real axis. Therefore, they are holomorphic o€ and have the
following asymptotics:

Fe(M) = A6 F(h) > —2%. (5.18)

Due to the Liouville theorem we conclude that (1) and F; (1) are linear and quadratic
functions of, respectively. Using the asymptotic expansion (5.5) we arrive at

Fe() =16 +[b, 6] (5.19)
F.(\) = =226 — A[b, 61 + 8.b. (5.20)

Thus, we again have obtained the Lax representation (4.11) and (4.12).
Finally, let us rewrite the logarithmic derivatives of the Fredholm determinant in terms
of new decomposition coefficientsand¢. We have

3, logdetl + V) = itr by

3.0, logdet] + V) = —tr(biobz1)

3, logde(] + V) = itr(éx — ¢11)

3,9, logdet] + V) = itr(8,buz - bor — 8,boy - bro).

(5.21)

6. Summary

The main purpose of this paper was the formulation of the Riemann—Hilbert problem
associated with the correlation function of the quantum nonlineard8eiger equation. We

used the Riemann—Hilbert problem in order to derive the non-Abelian classical nonlinear
Schibdinger equation, which describes the Fredholm determinant. As we have seen, the
solution of this equation is completely described by the solution of the Riemann—Hilbert
problem. This permits us to reduce the calculation of the Fredholm determinant to the
study of the Riemann—Hilbert problem. The detailed asymptotic analysis of the latter will
be performed in our forthcoming publication.
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